In the field of mechanical engineering, a large number of systems exhibit time delays caused by, for example, viscoelastic deformation, plastic deformation, cutting, grinding, and wear. These time delays often cause unstable vibrations during the operation of these systems. Such phenomena occur as the chattering of machine tools and as the pattern formation phenomena in contact rotating systems. In the present report, the authors investigate the property of a new stability analysis developed for unstable vibration in contact rotating systems and apply it to a system with a time delay of one half of a rotation period. As a typical example, a prevention method used to change the structural design is formulated for twoand three-DOF systems. The validity of the present method is confirmed by the results of numerical computations.
Introduction
Systems that exhibit time delays are common in the field of mechanical engineering. The causes of these time delays include viscoelastic deformation, plastic deformation, cutting, grinding, and wear. During operation, unstable vibrations in the entire system often occur, resulting in a decrease in product quality. The most common manifestations of this phenomenon are the chattering of machine tools and pattern formation phenomena, which often occur in contact rotating systems (1) . In many cases, a periodic polygonal deformation pattern is formed on the peripheral surface of a rotating roll. The conventional procedure for analyzing this phenomenon is to determine the stability of the system by obtaining the characteristic roots from a set of linear differential equations. This analysis can give a lot of useful information. However, the computational procedure is very complex and high costs associated with computation, data and time are required in order to establish the best system parameters for stable operation.
In order to overcome these difficulties, a simplified method for analyzing this pattern formation phenomenon was formulated using energy factors (2) , (3) . An energy factor is a scalar parameter representing the instability intensity of each mode and can easily be derived from the modal parameters. The use of this method facilitates the creation of an efficient design, which does not generate unstable vibrations. However, the results obtained using the simplified method may have slight errors owing to approximations in the derivation process. Thus, final confirmation using the conventional method is necessary.
In a previous report (4) , the authors proposed a new stability analysis method that is based on the existence of boundaries between stable and unstable regions (called stable-unstable boundaries) and applied this method to the optimum design of a dynamic absorber for pattern formation phenomena of a one-DOF system. The computation time of this new method is higher than that of the simplified method. However, the new method allows very accurate and efficient analysis.
In this report, the authors extend the new stability analysis to the system with time delay of one half of a rotation period and apply the new stability analysis to structural design in order to prevent unstable vibrations by investigating its properties in detail. Two-and three-DOF systems are taken as typical examples of systems with time delays of one rotation period and one half of a rotation period, respectively. The validity of the present method is confirmed by the results of numerical computational analyses of these systems. Figure 1 shows the analytical model of the two-DOF system as a typical example of unstable vibrations caused by viscoelastic deformation. Consistent with previous research (1) , (2) , Roll I and Roll II are modeled as rigid bodies with masses m 1 and m 2 respectively, the longitudinal bending deformations of which are ignored. A viscoelastic material, such as rubber, is wrapped around Roll II. Each roll is movable in the vertical direction and is supported at the base via springs k 1 and k 2 and dashpots c 1 and c 2 . In addition, as a preventative measure, the rolls are linked by a connecting element represented by sprinĝ k and dashpotĉ.
Two-DOF System

1 Analytical model
Both rolls rotate at constant angular velocities while contacting each other under relatively high load. Therefore, viscoelastic deformation occurs on the surface of Roll II. This deformation leads to a time lag of one rotation period caused by the feedback of the residual deformation. The viscoelastic properties are represented by a three-parameter model (5) , which consists of an instantaneous elastic deformation part with spring k i and a retarded deformation part with spring k d and dashpot c d . Fig. 1 , the vertical displacement coordinates of Roll I, Roll II and the boundary between the instantaneous elastic deformation part and the retarded deformation part are represented by x 1 = x 1 (t), x 2 = x 2 (t) and Fig. 1 Modeling of the two-DOF system z = z(t), respectively. The equation of motion of the system was derived considering the effect of the time lag as follows:
2 Equation of motion and characteristic equation As shown in
where
The variable u = u(t) represents the magnitude of the retarded deformation part of the viscoelastic properties just after passing through the contact point. The variables T and ω are the period of rotation and the angular velocity of Roll II, respectively. The deformation recovery coefficient (1) of the viscoelastic material is represented by α. In addition, the feedback rate after one rotation period, T , of Roll II is represented by ε. Finally, the left superscript t and diag [···] indicate the transpose and the diagonal matrix, respectively. Furthermore, the variable transformation, τ = ωt, is applied to Eq. (1) so that the rotation period of Roll II becomes 2π. Setting all initial values to zero and applying the Laplace transformation yields the following characteristic equation:
where X and U are the functions of x and u after Laplace transformation. Conventional stability analysis (1) is performed using the characteristic roots (s =σ + iN, i = √ −1) obtained from Eq. (4). Because of the time delay term, exp(−2πs), Eq. (4) yields an infinite number of characteristic roots. These characteristic roots yield a great deal of useful information. The real part,σ, represents the intensity of the instability. The system is unstable if the real part of at least one of the roots is positive. The imaginary part, N, indicates the polygonal number of the generated pattern, and the value is slightly less than the integer number in unstable regions.
The unstable vibrations (1) - (3) caused by the time delay in contact rotating systems vibrate at almost the same angular velocity and mode as the undamped natural circular frequency, ω j , of the j-th order and its characteristic mode obtained by ignoring the damping and time delay terms. The vibrations may occur in the multiple frequency region satisfying ω ≈ ω j /n, where the integer numbern represents the polygonal number of the generated pattern, so that a large number of characteristic roots have to be obtained in all regions in the case of the conventional method. Therefore, the computational burden becomes very large and the calculation process becomes complex, especially for a system having many degrees of freedom. In order to make the analysis more efficient, a new method developed in a previous report (4) is applied to the two-DOF system.
3 New stability analysis method
The real part,σ, of the characteristic root becomes zero at each stable-unstable boundary. Thus, substituting s = iN into Eq. (3) leads to the characteristic equation at the boundary, as follows:
Eliminating X in Y of Eq. (6) yields
For all conditions where U 0, Eq. (8) yields:
The two conditions |λ| = 1 and argλ = −2πN obtained from Eq. (7) give two equations for ρ, as follows:
Looking at the second equation of Eq. (12), for N > 0, argρ is negative. Thus, argρ can be defined as follows:
where n is an integer number andφ is the principal value of argρ and lies in the range of −2π to 0. As described later, n is equal to the polygonal numbern of the pattern generated in the corresponding unstable regions. Eliminating N from Eqs. (11) and (12) and subsequent substitution into Eq. (13) yields the following conditional equation for the stable-unstable boundaries:
The existence of values of Ω and n that satisfy Eq. (14) implies the existence of a stable-unstable boundary, which implies the existence of an unstable region between two boundaries. Therefore, stability analysis becomes possible by checking whether the value of σ(Ω,n) is positive or negative. Considering that the pattern formation phenomenon does not occur at rotation speeds near zero (ω → 0 ⇒ Ω → 0), the stabilizing condition of the system can be represented as follows:
The above analysis is valid for N < 0.
4 Features of the new stability analysis method
The variable σ(Ω,n) may have a minimum value with respect to Ω in each region of Ω ≈ ω j . Equation (14) shows that the minimum value of σ(Ω,n) becomes lager by 2π for each increase of n. Consequently, the minimum value, even if it is initially negative, must eventually become positive and satisfy Eq. (15). This corresponds to the fact that the stability intensity of the same order increases in the region where a pattern of a larger polygonal number may be generated, and the regions where a certain polygonal number is exceeded finally becomes stable in the case of the viscoelastic model. The minimum value of σ(Ω,n) is thus the representative value of stability intensity in the region (ω ≈ ω j /n), where unstable vibrations may occur. In addition, previous reports (1) - (3) reveal that N is nearly equal ton in the unstable region for polygonal numbern and the value is slightly less thann. Thus, Eq. (12) gives the relationship argρ =φ ≈ −2π in the region forn = 1, and Eq. (13) leads to n = 1. In the same way, n = 2 is realized in the region ofn = 2, and n = 3 is approved in the region of n = 3. Therefore, n of Eq. (13) corresponds to the polygonal numbern.
Considering the aforementioned factors, obtaining minimum values of σ(Ω,1) facilitates a simple stability analysis method concerning the regions for all polygonal numbers. Therefore, minimum values of σ(Ω,1) permit easy prediction of stability for all values of n. The procedure is as follows:
( i ) Obtain minimum values of σ(Ω,1), which exist in the vicinity of Ω ≈ ω j . The values are denoted by σ min, j .
( ii ) The variable σ min, j represents the intensity of stability of the j-th mode in the region with a polygonal number of 1. When σ min, j is positive or does not exist, unstable vibration of the j-th mode does not occur in all regions.
(iii) Calculateσ min, j = σ min, j + 2π(n − 1). For the j-th mode in a region with a polygonal number ofn, the system is only stable whenσ min, j > 0 or unstable whenσ min, j < 0.
5 Prevention method utilizing the new stability analysis method
Fundamentally, prevention methods try to realize a structural design such that unstable vibrations hardly ever occur. Stabilization in the entire rotational region is ideal but extremely difficult. Thus, for this study, only the region below the maximum usable rotational speed will be examined. This is because an actual problem of unstable vibrations in rotary machines caused by time delay usually occurs at rotational speeds much lower than the natural frequencies. As indicated above, for the viscoelastic model, the system is stable in the regions with a larger polygonal number (regions at lower rotational speeds). Thus, stabilizing the region below the maximum usable rotational speed appears to be a practical countermeasure. This measure is applicable to the prevention method when the rotational speed is changing gradually. The new stability analysis method makes easy stabilization possible through the following procedure:
( i ) Set the maximum rotational angular speed, ω, below which stable operation is required.
( ii ) Obtain the undamped natural circular frequencies, ω j , from the characteristic equation without damping and time delay terms.
(iii) Obtain the minimum value, σ min, j , of σ(Ω,1).
If the conditionsn j − 1 < N j ≤n j and σ min, j = σ min, j + 2π( N j − 1) > 0 are satisfied, then from item (iii) in section 2.4, we may conclude that, at least in the region with a polygonal number ofn j , the system is stable for the j-th mode.
( vi ) Adjust the system parameters, for example, the supporting elements and connecting elements, in order to satisfy the condition σ min, j > 0 for all modes. Table 1 shows some standard parameters and the associated natural frequencies. Figure 2 shows the results of the new stability analysis method for these parameters. The horizontal and vertical axes are Ω and σ(Ω,1), respec- Table 1 Standard values of two-DOF model tively. The thick line indicates the unstable region, which is shown in detail in the enlarged view. The vertical dot dashed lines show the frequencies Ω = ω j (= 2π f j ). The minimum value is negative and is only in the vicinity of Ω = ω 2 . This means that unstable vibrations occur for the 2nd mode but not for the 1st mode. This unstable region is for n = 1, and points satisfying σ(Ω,1) = 0 are the stableunstable boundaries of the region for a polygonal number of 1. At the same time, the horizontal dashed lines in the enlarged view indicate σ(Ω,1) = −2π(n − 1), (n = 2,3,···,7), i.e., σ(Ω,n) = 0. Thus, the region satisfying σ(Ω,1) < −2π(n − 1) is unstable for a polygonal number of n, and points satisfying σ(Ω,1) = −2π(n − 1) indicate the stable-unstable boundaries of the corresponding regions. For this system, stable-unstable boundaries exist for n = 1, 2, 3, 4 and 5 and are represented by ' ', ' ', ' ', ' ' and ' ' symbols, respectively. This result predicts that unstable vibrations of the 2nd mode will not occur in the region for polygonal numbers above 5. Incidentally, discontinuous points around Ω ≈ 156 and 292 (rad/s) are caused by discontinuities ofφ as 0 2π.
Numerical Computation Results of the Two-DOF System
1 Verification of the new stability analysis method
In order to verify the accuracy of this new stability analysis method, the results obtained using the conventional stability analysis method are shown in Fig. 3 . The horizontal axis represents the rotational speed, f , of Roll II. The vertical axis represents the imaginary part, N, of the characteristic roots s =σ + iN, as obtained from Eq. (4). The thin and thick solid lines indicate the stable, (σ < 0), and unstable, (σ > 0), regions, respectively. Here, the broken lines represent the natural frequency line, ( f j / f ). In addition, the detail of unstable region for N ≈ 4 and 5 is shown in the enlarged view. The results of the conventional stability analysis method are consistent with those for the new method. That is to say, unstable vibration for the 1st mode does not occur in the entire region, and unstable vibrations for the 2nd mode occurred in the regions having polygonal numbers of up to 5. Furthermore, the marks on the stable-unstable boundaries are derived from the results of Fig. 2 . In particular, the variable N is obtained from Eqs. (9) and (12), and the relationship Ω = ωN = 2π f N then leads to the rotational speed f . The symbols have the same meaning as those in Fig. 2 . Correspondence between the boundaries of Fig. 2 and those of Fig. 3 is numerically confirmed and reveals that n in Eq. (14) coincides with polygonal numbern. Therefore, it may be concluded that the new stability analysis method is as accurate as the conventional method. Here, in the case of the conventional method, a considerable number of calculations are necessary in order to obtain the characteristic roots in a broad range of rotational speed, at least until the minimum speed of the unstable region is searched. On the other hand, using the new method, the calculation of σ(Ω,1) provides an accurate stability analysis over the entire range of rotational speed, so that highly efficient analysis can be realized. Next, in order to verify the effectiveness of analysis using the minimum values,σ min, j , of σ(Ω,n), the lowest points of stability intensity in the regions in which unstable vibration may occur are compared between the conventional method and the new method. As the lowest point of stability intensity for the corresponding region, the variableσ min, j is the representative value. Here, the value of Ω when σ(Ω,n) =σ min, j is represented by Ω min , and the rotational speed of Roll II corresponding to Ω min is indicated by f min . The variable f min can be obtained by using Eqs. (9) and (12) in a manner similar to the stableunstable boundaries in Fig. 3 because these equations are approximately applicable in unstable regions. On the other hand, in Fig. 3 , the real part,σ, of the characteristic roots may take a peak value,σ peak , regarding f in each region in which unstable vibrations may occur. In the conventional method,σ peak is very important as the representative parameter indicating the instability intensity of the corresponding region. The rotational speed of Roll II for the case in whichσ =σ peak is represented by f peak . Figure 4 shows the relationship between the supporting spring stiffness k 1 of Roll I and the rotational speeds f min and f peak in the region for polygonal numbers of 1 and 2 (n = 1, 2). The thin broken lines and the thick solid lines represent f min and f peak , respectively. As shown in Fig. 4 , two kinds of lines overlap in almost all regions, such that the relationship f min ≈ f peak is applicable regardless of k 1 . The lack of curves for the 1st mode is due to the disappear- Fig. 4 Relationship between k 1 and f min , f peak ance of the minimum and peak value in the corresponding region, which is stable for the 1st mode. Although the result is omitted, we confirmed the agreement between f min and f peak in the region aboven = 2 and verified that the aspects of the variations ofσ min, j andσ peak were in correspondence with each other, even though the absolute values and signs are different. Therefore, the validity of the minimum valueσ min, j is identified as the important index for the new stability analysis, which is similar toσ peak for the conventional method.
2 Verification of the prevention method utilizing the new stability analysis method
The maximum rotational speed of Roll II is assumed to be f = ω/2π = 15.0 Hz. Structural design is conducted in accordance with the procedure described in section 2.5 in order to minimize the damping coefficients c 1 and c 2 necessary for stable operation below the maximum speed. First, using the standard parameters, the values of c 1 and c 2 necessary for stable operation are calculated. The calculation need only be carried out for the 2nd mode, as there is no minimum value of σ(Ω,1) for the 1st mode. As for the 2nd mode, the natural frequency, f 2 , and the minimum value, σ min,2 , are 42.7 Hz and −25.8, respectively. Thus, N 2 becomes f 2 / f = 42.7/15.0 = 2.85 and σ min,2 becomes σ min,2 +2π( N 2 −1) = −25.8+2π(2.85−1) = −14.2 < 0 from the equation given in (v) in section 2.5. This result shows that unstable vibration does occur at the maximum rotational speed. If the damping coefficients are increased while maintaining the relationship c 1 = c 2 , the system becomes stable for the entire operating range when c 1 = c 2 = 33.3 kNs/m.
Next, the values of c 1 and c 2 necessary for stable operation are minimized by altering the spring coefficient k 1 . A succession of calculations, similar to that for the standard parameters, again leads to the minimum values c 1 = c 2 = 13.5 kNs/m when k 1 = 136.8 MN/m. Here, the calculation must be carried out for both the 1st mode and the 2nd mode, as there is a minimum value of σ(Ω,1) for the 1st mode, which is unlike the case of the standard parameters. Figure 5 shows the results of the new stability analysis for these parameters. The dotted horizontal lines represent σ(Ω,1) = −2π( N j − 1). From Fig. 5 , it is clear 
Three-DOF System
1 Analytical model and equation of motion
The analytical model of the three-DOF system is illustrated in Fig. 7 . Roll III, without viscoelasticity, is added to the model shown in Fig. 1 and consists of three rolls arranged such that their centers lie along a straight line. This system is modeled in the same way as the two-DOF system. However, the model in Fig. 7 differs in one significant respect from that of Fig. 1 . More specifically, since there are two nips on opposing sides of Roll II, the residual deformation is fed back after one half of the rotational period T/2 to the nip on the side opposite to the side at which the deformation has been caused. Both of the nips are assumed to have the same viscoelastic characteristic. Each symbol is based on the two-DOF system. These considerations lead to the following equation of motion:
2 Application of the new stability analysis method
Following the same procedure as that for the two-DOF system, applying the variable transformation, τ = ωt and the Laplace transformation on setting all initial values at zero and continuously substituting s = iN leads to the characteristic equation at the stable-unstable boundary. The result is formally similar to Eq. (6), but the following term is different because the delay time is one half of the rotational period:
Eliminating X in Y of the characteristic equation at the stable-unstable boundary yields:
where the variables U are the functions after Laplace transformation of u, and
For all conditions in which U 0, Eq. (19) yields
The variables ρ can be obtained from Eq. (21) as a complex eigenvalue of a generalized eigensystem. Since A(Ω) and B(Ω) are complex matrixes of order two in the three-DOF system, the eigenvalues ρ have two complex values. Setting the eigenvalues to ρ r = ρ r (Ω) (r = 1,2) and taking similar steps as for the two-DOF system to obtain the stable conditions for the system yields
where n = 1, 2, 3,··· andφ r is the value of argρ r in the range of −2π < argρ r < 0. The form of Eq. (22) is the same as that of σ(Ω,n) in Eq. (14). Therefore, the stable condition for the system becomes similar to that for the two-DOF system, as follows:
Although the details are omitted, Eq. (24) can be derived from the stability condition when Ω → 0 (ω → 0). In systems such as the three-DOF system with a delay time of one half of a rotational period, the integer number n of Eq. (22) does not coincide with the polygonal numbern, which differs from the system with a delay time of one rotation period, although they are related. Considering the relationship N ≈n, Eq. (23) reveals that the polygonal numbern increases by two for every unit increase of n.
Therefore, in order to analyze all polygonal number regions using two minimum values, one each of which may exist for each σ r (Ω,1), r = 1, 2, one value must correspond to regions for the polygonal number 1, and the other must correspond to regions for 2. In this case, the value of n must increase. The former corresponds to the odd polygonal number regions, and the latter corresponds to the even polygonal number regions. In the analysis of the three-DOF system, the calculation cost is higher compared to the two-DOF system because the generalized eigenvalues have to be obtained from Eq. (21). However, the calculation cost is much lower than that of the conventional method.
4. 3 Prevention method utilizing the new stability analysis method As for the two-DOF system, the region below the maximum usable rotational speed ω will be examined. For the three-DOF system, since the generated polygonal numbern corresponding to n of Eq. (22) is either odd (2n − 1) or even (2n) depending on the value ofφ r . Therefore, the following process is required in order to estimate the intensity of the stability at a rotational velocity of ω. First, the value ofφ r corresponding to the minimum value σ min, j is represented byφ min, j and a real value alternative to n corresponding to N j = ω j / ω is indicated by n j . Since the first formula of Eq. (23) is approximately satisfied in the unstable regions similar to the second formula of Eq. (12) for the two-DOF system, Eq. (23) leads to the relation π N j +φ min, j ≈ 2( n j − 1)π. Using a concept similar to (iv) in section 2.5, the stable operating conditions for the j-th mode yields
Although two minimum values of σ r (Ω,1) may be found for each region in which Ω ≈ ω j , only the smaller of these needs to be stabilized as σ min, j because the stabilization of the other occurs simultaneously.
4. 4 Differences between the two-DOF system and the three-DOF system The significant differences in the stability analysis method between the two-DOF system and the three-DOF system are shown in Table 2 . The major difference between these systems is that the two-DOF system has only one contact point between Roll II and the other roll with viscoelasticity, whereas the three-DOF system has two contact points. Thus, the time delay T d becomes one ro- Table 2 Comparison of the two-DOF model and the three-DOF model tation period, T , of Roll II and one half of the rotation period T/2 for the two-and three-DOF systems, respectively. The number, M, of σ(Ω,n) as the index representing the stability of the system is 1 for the former system and 2 for the latter system. The number M depends only on the number of contact points, and not on the number of degrees of freedom or the delay time of the system. In the three-DOF system, two values of σ(Ω,n) exist. One represents the stability of the odd polygonal number, and the other represents the stability of the even polygonal number. Therefore, the relationship between n of σ(Ω,n) and the generated polygonal numbern in the corresponding region differs between the odd region and the even region.
As mentioned above, the differences of the treatment depending on whether the polygonal number is odd or even are features of the system with the time delay of one half of the rotation period. Furthermore, σ min, j , which represents the stability of the j-th mode at the maximum rotational speed, ω, is required, as indicated by the different formulas of the systems. However, except for these differences, the process of the prevention method is similar to that of the two-DOF system, and accurate and efficient stability analysis can be carried out without considering whether the corresponding region is that for even or odd polygonal numbers. Table 3 lists some standard parameters and the undamped natural frequencies of the three-DOF system, and the results of the new stability analysis method for these parameters are shown in Fig. 8 . The solid line and the bro- Table 3 Standard values of three-DOF model ken line represent σ 1 (Ω,1) and σ 2 (Ω,1), respectively. A previous report (2) confirms that unstable vibrations of even polygonal numbers for the 1st and 3rd modes, and those of odd polygonal numbers for the 2nd mode, do not occur for the standard parameters used herein. Since σ 1 (Ω,1) has a minimum value at Ω ≈ ω 2 and σ 2 (Ω,1) has minimum values at Ω ≈ ω 1 and ω 3 , as shown in Fig. 8 , each minimum value of σ 1 (Ω,1) and σ 2 (Ω,1) appears to represent stabilities for the even and odd polygonal numbers, respectively. Furthermore, in the enlarged view, stable-unstable boundaries are denoted as in Fig. 2 . However, in this case, the black symbols represent σ 1 (Ω,1) and the white symbols represent σ 2 (Ω,1). Figure 8 shows that there are unstable regions for the 1st mode up to n = 3 and for the 2nd mode up to n = 2. Considering whether the corresponding unstable region is for even or odd polygonal numbers, the maximum polygonal numbers for the unstable regions are expected to ben = 2 × 3 − 1 = 5 andn = 2 × 2 = 4 for the 1st and 2nd modes, respectively. In the same way, the maximum polygonal number for the 3rd mode is predicted to ben = 17 based on the minimum value σ min,3 of −54.9, because −2π × (10 − 1) < σ min,3 = −54.9 < −2π × (9 − 1). Figure 9 shows the results of the conventional stability analysis method. These results correspond with those of the new analysis method. In particular, unstable vibrations for the 2nd mode occur only in the regions of even polygonal numbers, and those for the 1st and 3rd modes occur only in the regions of odd polygonal numbers. In addition, the maximum polygonal number for each mode, including the 3rd mode, is in agreement with the above predictions. The correspondence of the stable-unstable boundaries between Figs. 8 and 9, which is numerically confirmed, proves that σ 1 (Ω,1) and σ 2 (Ω,1) represent the intensity of the stability for even and odd polygonal number regions, respectively. This validates the use of the new stability analysis method for thee-DOF systems.
Numerical Computation Results of the Three-DOF System
1 Verification of the new stability analysis method
5. 2 Verification of the prevention method utilizing the new stability analysis method Assuming a maximum rotational speed of Roll II of f = 10.0 Hz for the three-DOF system, a structural design is generated so as to minimize the damping coef- Figure 10 shows the results of the new stability analysis method for these parameters. There are two minimum values of σ 1 (Ω,1) and σ 2 (Ω,1) for each mode. However, since all of the values of σ 1 (Ω,1) are larger than those of σ 2 (Ω,1), stabilizing the minimum values of σ 2 (Ω,1) as σ min, j results in simultaneous stabilization of those of σ 1 (Ω,1). The dotted horizontal lines in Fig. 10 represent −π N j −φ min, j . As shown in Fig. 10 , each minimum value σ min, j is larger than −π N j −φ min, j . That is to say, σ min, j > 0 is satisfied for all modes and operation is stable in the range of f < f . Figure 11 shows the results of the conventional analysis for the same parameters, and the results indicate that the stabilization of all modes was realized in the range below f = 10 Hz. These results verify that structural design can be carried out using the new stability analysis.
As shown in Fig. 11 for the range of f > 10 Hz, the system is stable in the entire region for even polygonal numbers, and unstable vibrations occur only in the region for odd polygonal numbers. Figure 10 shows that all of the values of σ 1 (Ω,1) are positive (i.e., stable) and that all of the values of σ 2 (Ω,1) are negative (i.e., unstable). These results confirm that σ 1 (Ω,1) represents stability for even polygonal numbers and σ 2 (Ω,1) represents stability for odd polygonal numbers, as is the case for the former standard parameters. We identified the same results for other parameters so that eigenvalues ρ r appear to be related to the generated polygonal number. In addition, the result of σ min, j ≈ 0 occurring simultaneously for at least two modes appears to be obtained when the system is stabilized by appropriate parameters. These features of the new stability analysis method will be investigated further.
Although the conventional stability analysis method was used to confirm the validity of the new stability analysis method in this report, an actual structural design as a prevention method can be carried out accurately and efficiently using only the new method.
Conclusions
A new stability analysis method was applied to twoand three-DOF systems, which are typical systems with delay times of a rotation period and one half of a rotation period, respectively. The new stability analysis method was effectively used to propose a structural design method such that unstable vibrations rarely occurred. As a result, the new stability analysis method was confirmed to be applicable to a system with a time delay of one half of a rotation period and to allow a flexible structural design according to a purpose, regardless of time delays. Since this method is highly accurate and efficient, it can be expected to be applicable as an optimum design method for more complicated systems with many degrees of freedom by utilizing existing optimum design methods such as genetic algorithms.
